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Abstract
We model the structure of hadrons with a confined parton gas in light front kinematics. These
partons are treated as classical spin zero particles confined inside the hadron with inter-parton
collisions as their only interaction. The microcanonical dynamics ensemble is applied to obtain the
phase space distribution of this thermodynamic system. We sample this phase space distribution
using Monte Carlo algorithms to obtain the parton distribution functions in scenarios with 3, 4
and 5 partons.
1 Introduction
The parton distribution functions (PDFs) describe the longitudinal momentum distribution of partons
inside a hadron and are accessible, for example, through deep inelastic scattering experiments [1].
Recent global fits of the nucleon and the pion PDFs are available in Refs. [2, 3, 4]. Calculating the
PDF requires the nonperturbative solutions of quantum chromodynamics (QCD). The dependence of
PDFs on the factorization scale is given by the DGLAP equation [5, 6, 7]. Various nonperturbative
approaches provide predictions for the PDFs at their corresponding scales [8, 9, 10, 11, 12, 13, 14, 15,
16, 17, 18, 19, 20]. While many statistical descriptions of the hadron PDFs for the nucleons and the
pions are available in Refs. [21, 22, 23, 24, 25], in this article we propose a unique approach that relates
the PDFs to the statistics of light front parton dynamics.
In the light front quantization approach for solving QCD bound state problems, the structure of
a hadron is specified by the light front wavefunctions of its partons. Specifically, the PDFs can be
calculated based on these wavefunctions [26]. For example, the heavy sea quark components of the
nucleons can be accessed with the light front wavefunction beyond the leading Fock sector [27, 28]. In
the basis light front quantization (BLFQ) appraoch, the light front wavefunction is solved from the
eigienvalue problem of the light front Hamiltonian in a basis function representation [29]. Applying
the BLFQ, the wavefunctions for the valence quarks of mesons have been obtained by Ref. [30, 31, 32,
33]. Calculations of the light front wavefunctions beyond the leading Fock sector are available, but
require extra numerical efforts [34]. Simple model populations of Fock spaces have been considered
without explicit interactions where basis space enumeration is feasible [29]. Here, we investigate model
populations, i.e. the density of microstates, that include the role of kinetic energy and conserved
multi-particle kinematics in the phase space distributions at a fixed value of the parton mass using the
microcanonical ensemble.
PDFs calculable from the light front wavefunctions also yield the probability of finding a parton
carrying a specific amount of the total momentum of the hadron. Such an interpretation motivates
the formulation of parton dynamics in terms of probability distributions instead of amplitudes. This
is analogous to the phase space formulation of non-relativistic quantum mechanics [35]. While cer-
tain limits of generalized parton distributions (GPDs) also yield probability interpretations [36], their
relations to the phase space distribution of partons are beyond the scope of this article.
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In our initial investigation of the light front parton gas model, the partons are treated as spin zero
classical particles confined inside an isolated hadron. These partons reach thermal equilibrium through
elastic collisions with each other. The Hamiltonian of the thermal system is thus given by the light front
kinetic energy. The system has a fixed particle number with conserved total light front 3-momentum.
With less than a dozen partons, the phase space density of such a system is conveniently given by
the microcanonical molecular dynamics ensemble [37, 38]. The PDFs are then obtained through the
marginalization of the phase space distributions specified by the ensemble, during which both analytic
integrals and the Gibbs sampling algorithm can be applied [39].
Statistical quantum field theories can be formulated in the grand-canonical ensemble with light
front quantization conditions [40, 41, 42, 43, 44]. While in our model that is based on the light front
Hamiltonian of classical particles, the microcanonical ensemble gives the joint probability distribu-
tion of the phase space variables for all partons. Our model could provide insights into not only the
transverse momentum distributions of partons accessible through semi-inclusive deep inelastic scatter-
ing [45], but also the experimentally observable multi-parton correlations [46]. For massless partons,
our model can be adapted to simulate the gluon distribution in the small-x region [47, 48, 49, 50]. Ad-
ditionally, our statistical description has the advantage to bridge thermodynamic properties of hardons
through their parton distributions as functions of light front kinematic variables.
This article is organized as follows. Following this introduction, Sec. 2 defines the light front parton
gas model with its phase space distribution given by the microcanonical molecular dynamics ensemble.
We present the single-particle longitudinal momentum fraction distribution in Sec. 3 as our modeling
of the PDF. The summary and concluding remarks are given in Sec. 4.
2 The microcanonical molecular dynamics ensemble descrip-
tion of the light front parton gas
In quantum field theory, the light front quantization condition is specified at a fixed light front time
x+ = x0 + x3. The longitudinal spatial coordinate is given by x− = x0 − x3, orthogonal to x+. The
conjugate momenta of x+ and x− are p− = p0 − p3 and p+ = p0 + p3, respectively [26]. In the initial
investigation of the light front parton gas model, we ignore statistics and dynamics due to particle spin.
Furthermore, we ignore quantum field theory effects and arrive at a parton model whose dynamics
is given by classical mechanics. Particle creation and annihilation are also disabled, resulting in the
systems with a fixed number of partons.
Let us consider the parton gas system whose Hamiltonian consists of the light front kinetic energy
for non-interacting scalar partons:
P−(q,p) =
N∑
j=1
−→p ⊥2j +m2
p+j
. (1)
Here −→p ⊥j and p+j are the transverse momentum and the longitudinal momentum of the j-th parton.
The p represents all of the 3N momentum variables. Notice that all p+j are positive definite. Although
there is no coordinate space interaction in Eq. (1), we use q to represent the coordinates of the partons.
For simplicity, all partons are of the same mass.
We are interested in the structure of an isolated hadron. Therefore the system of partons is not in
thermal contact with a reservoir, nor does it exchange particles with another hadron. We also assume
that partons reach thermal equilibrium before the hadron decays. Then the phase space distribution
of the partons is given by the microcanonical ensemble.
Since there is no interaction in coordinate space, the confinement of partons inside the hadron
is naively implemented by the finite supports of the coordinate space integrals. With appropriate
boundary conditions, the classical system whose dynamics is specified by Eq. (1) conserves the total
light front 3-momentum. In this case, the microcanonical ensemble is further constrained into the
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microcanonical molecular dynamics ensemble [37, 38], with its phase space distribution given by
ρ (E, V,N,P;q,p) =
1
Ω(E, V,N,P)
δ
(
E − P− (q,p)) δ

P− N∑
j=1
pj

 . (2)
The phase space distribution given by the molecular dynamics microcanonical ensemble corresponds
to the ergodic averaging of molecular dynamics simulations. The partition function Ω(E, V,N,P)
normalizes the phase space distribution through its definition:
Ω(E, V,N,P) =
∫
d3Nq
∫
d3Np ρ (E, V,N,P;q,p) . (3)
Corrections from the phase space volume may be required to calculate the correct entropy of the system
from the partition function [38]. In Eq. (2), the first delta function confines the system to a specific
total energy E. The second delta function defined as
δ

P− N∑
j=1
pj

 = δ

P+ − N∑
j=1
p+j

 δ

−→P ⊥ − N∑
j=1
−→p ⊥j

 (4)
ensures the conservation of the total light front 3-momentum of the system.
The microcanonical molecular dynamics ensemble having fixed energy E, volume V , particle num-
ber N and total momentum P, is therefore also called the EVNP ensemble. Notice that because of
Eq. (4), the number of degrees of freedom for the momentum variables is reduced from 3N − 1 in the
microcanonical ensemble to 3N − 4 in the EVNP ensemble. With Ω(E, V,N,P) given by Eq. (3), one
can define entropy, temperature, pressure, chemical potential and other thermodynamic quantities [38].
After specifying the light front Hamiltonian P−(q,p), the single-particle momentum distribution
can be defined as the marginal distribution of Eq. (2):
ωα
(
p+,−→p ⊥) = ∫ d3Nq

 N∏
a=1,a 6=α
∫
dpa

 ρ(E, V,N,P;q,p). (5)
Because all of the N partons are identical, they share the same distribution ωα. One could further
marginalize Eq. (5), leaving only the momentum components of interest.
We then proceed to the simplification of ρ(q,p) with the light front kinetic energy written in Eq. (1).
For a system with fixed total light front 3-momentum, it is convenient to define longitudinal momentum
fractions and relative transverse momenta. They are related to the single-particle momentum and
system total momentum through {
xj = p
+
j /P
+
−→κ ⊥j = −→p ⊥j − xj
−→
P ⊥
, (6)
where P+ =
∑N
j=1 p
+
j and
−→
P ⊥ =
∑N
j=1
−→p ⊥j are the total momenta. The Jacobian due to Eq. (6) is
given by
d3Np = (P+)NdNx d2Nκ⊥ = (P+)N

 N∏
j=1
dxj d
−→κ ⊥j

 . (7)
With these relative momentum variables, the Hamiltonian in Eq. (1) can be written as
P− =
1
P+

−→P ⊥2 + N∑
j=1
−→κ ⊥2j +m2
xj

 . (8)
Meanwhile, the conservation of the light front 3-momentum in the form of Eq. (4) becomes
δ

P− N∑
j=1
pj

 = 1
P+
δ

1− N∑
j=1
xj

 δ

 N∑
j=1
−→κ ⊥j

 . (9)
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Substituting Eqs. (8, 9) into Eq. (2) produces
ρ =
1
Ω(E, V,N,P)
δ

(P+E − −→P ⊥2)− N∑
j=1
−→κ ⊥j +m2
xj

 δ

1− N∑
j=1
xj

 δ

 N∑
j=1
−→κ ⊥j

 . (10)
Equation (10) is the phase space distribution of the light front parton gas model written in the longi-
tudinal momentum fractions and the relative transverse momenta.
For numerical evaluations of the phase space distribution, the delta functions in Eq. (10) can be
eliminated after integrating on a subset of the phase space variables. Explicitly as one example, we
integrate over coordinates q and the light front 3-momenta of the N -th parton to obtain
∫
d3Nq
∫
dp+N
∫
d−→p ⊥N ρ(q,p) =
V 3NP+
Ω(E, V,N,P)
δ

u− N−1∑
j=1
−→κ ⊥2j +m2
xj
−
(∑N−1
j=1
−→κ ⊥j
)2
+m2
1−∑N−1j=1 xj

 ,
(11)
with u = P+E−−→P ⊥2 being the thermal energy available to the light front kinematics of relative parton
motion. In the absence of coordinate space interactions, the coordinate space integrals are trivially
related to the volume of the hadron V = 12
∫
dx−
∫
d−→x ⊥. The delta function in Eq. (11) corresponds
to roots of a quadratic function on xN−1. Explicitly, we obtain∫
d3Nq
∫
dp+N
∫
d−→p ⊥N
∫
dp+N−1 ρ(q,p)
=
V 3N (P+)2
Ω(E, V,N,P)
∫ 1
0
dxN−1
δ (xN−1 − x+) + δ (xN−1 − x−)∣∣∣∣∣
−→κ ⊥2N−1 +m2
x2N−1
−
(∑N−1
j=1
−→κ ⊥j
)2
+m2
β2N−1
∣∣∣∣∣
θ(η2 − 4αN−1βN−2), (12)
with
x± = (η ± ζ)/2, (13a)
η = βN−2 + αN−1 − αN , (13b)
ζ =
√
η2 − 4αN−1βN−2. (13c)
Here for the notation convenience, we have defined dimensionless quantities αj and βj as
αj =
−→κ ⊥2j +m2
u−∑ji=1 −→κ ⊥2i +m2xi
, (14a)
βj = 1−
j∑
i=1
xi. (14b)
Equation (12) is the starting point for the marginalization of ρ(q,p) using quadrature.
3 Marginalization of the phase space distribution
3.1 Analytic reduction of transverse momentum integrals
In the scenario where only distributions of the longitudinal momentum fractions are of interest, the
marginalization of the phase space distribution by p⊥ integrals can be evaluated analytically. Let us
start with the definition of the joint longitudinal momentum fraction distribution of all partons:
ω(E, V,N,P;x) = (P+)N
∫
d2Np⊥
∫
d3Nq ρ(E, V,N,P;q,p). (15)
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In the light front parton gas model, we have ρ(E, V,N,P;q,p) given by Eq. (10). In such a scenario
Eq. (15) becomes
ω(E, V,N,P;x) =
(P+V )N
Ω(E, V,N,P)
∫
d2Nκ⊥ δ

u− N∑
j=1
−→κ ⊥2j +m2
xj

 δ

1− N∑
j=1
xj

 δ

 N∑
j=1
−→κ ⊥j

 .
(16)
We then consider the following substitution of integral variables:
−→κ ⊥j =
√
xj
−→
l ⊥j . (17)
The change in the integral measure due to Eq. (17) is
∫
d2Nκ⊥ =

 N∏
j=1
xj

∫ d2N l⊥. (18)
Equation (16) then becomes
ω(E, V,N,P;x) =
(P+V )N
Ω(E, V,N,P)

 N∏
j=1
xj

 δ

1− N∑
j=1
xj


×
∫
d2N l⊥ δ

u˜(x) − N∑
j=1
−→
l ⊥2j

 δ

 N∑
j=1
√
xj
−→
l ⊥j

 , (19)
with
u˜(x) = u−
N∑
i=1
m2/xj. (20)
If we define ξj =
√
xj as a vector in N -dimensional Euclidean space, the third delta function in Eq. (19)
can be viewed as that of inner products. Notice that ξj is a unit vector due to the first delta function in
Eq. (19). Subsequently, transverse integrals in Eq. (19) can be evaluated exactly in the hyperspherical
coordinates. As a result, we obtain
ω(E, V,N,P;x) =
1
Φ(E, V,N,P)

 N∏
j=1
xj

 δ

1− N∑
j=1
xj

 [u˜(x)]N−2 θ(u˜(x)), (21)
with Φ(E, V,N,P) ensuring the unit normalization of ω(E, V,N,P;x) by
Φ(E, V,N,P) =
∫
dNx

 N∏
j=1
xj

 δ

1− N∑
j=1
xj

 [u˜(x)]N−2 θ(u˜(x)) (22)
Equation (21) is the analytic expression for the joint longitudinal momentum fraction distribution of
the light front parton gas model. Since we do not discuss the entropy of the parton gas system, the
relation between Φ(E, V,N,P) and the partition function Ω(E, V,N,P) is omitted.
3.2 Single-parton longitudinal momentum fraction distribution
In the light front parton gas model, the probability of finding a parton with longitudinal momentum
fraction x is given by the marginalization of the phase space distribution in Eq. (10). Explicitly, the
single-particle longitudinal moment fraction distribution is defined as
ωx(E, V,N,P;x1) = (P
+)N
∫
d−→κ ⊥1

 N∏
j=2
∫
dxj
∫
d−→κ ⊥j

∫ d3Nq ρ(E, V,N,P;q,p). (23)
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Because the partons in our model are identical, it does not matter which xj is omitted by the integrals
in Eq. (23). Therefore we choose x1 as the default variable of ωx. Equation (23) can be interpreted as
the definition of the PDF in our model.
Specifically for a two-parton system, only the relative transverse momentum needs to be integrated
in Eq. (23). Explicitly, we have
ωx(E, V, 2,P;x) =
6 x(1− x) θ (u− 4m2)(
1 +
2m2
u
)√
1− 4m
2
u
θ
(
x− 1
2
+
√
1
4
− m
2
u
)
θ
(
1
2
+
√
1
4
− m
2
u
− x
)
, (24)
where the dependences on E and P come through u = P+E − −→P ⊥2. The distribution ωx in Eq. (24)
is independent of the volume because the coordinate space integrals factor out, which is true in the
absence of coordinate space interactions. The theta function in Eq. (24) reflects that the Hamiltonian
defined by Eq. (8) is positive definite. Since the minimum contribution to P− from the transverse
momentum −→κ ⊥ is zero, the available thermal energy u needs to be greater than the longitudinal part
of the kinetic energy. In the limit of u→ 4m2, Eq. (24) becomes ωx = δ(x− 1/2). In this limit, there
is no relative parton motion. While in the limit where u ≫ 4m4, the ωx in Eq. (24) is reduced to
ωx = 6 x(1− x). This corresponds to either massless partons or extremely high thermal energy.
Aside from the marginalization of ρ(q,p) directly using Eq. (23), the longitudinal momentum
fraction distribution for a single parton can also be calculated by marginalizing the joint distribution
given by Eq. (21). Specifically, the single-particle x-distribution is alternatively defined as
ωx(E, V,N,P;x1) =

 N∏
j=2
∫
dxj

ω(E, V,N,P;x). (25)
The definition of ωx by Eq. (25) is in agreement with Eq. (23).
Specifically in the massless limit, the u˜ defined by Eq. (20) is independent of x, reducing to u =
P+E −−→P ⊥2. In this limit there is no scale for the relative motion of the partons, resulting in ωx only
depending on the particle number N . Using induction one can demonstrate that
ωx(E, V,N,P;x) = (2N − 2)(2N − 1)x(1− x)2N−3 θ
(
P+E −−→P ⊥2
)
. (26)
Equation (26) gives the ωx of the massless light front parton gas model.
With three massive partons, we calculate the single-particle longitudinal momentum fraction dis-
tribution by marginalizing Eq. (21). Specifically, we apply the variable transforms ξ = x2 + x3 and
η = x2x3 such that
∫ 1−x1
0
dxx
∫ 1−x1−x2
0
dx3 θ(u˜) =
∫ 1−x1
0
dξ
∫ (1−x1)2
4
x1(1−x1)
ux1−1
dη
θ(ξ2 − 4η)√
ξ2 − 4η .
In the units where m = 1, the single-particle x-distribution becomes
ωx(x) =
[(1− x)(x+ − x)(x − x−)]3/2
φ(u)
√
ux− 1 θ(u − 9)θ(x− x−)θ(x+ − x) (27)
with
x± =
u− 3±
√
(u− 9)(u− 1)
2u
. (28)
The normalization φ(u) is defined as
φ(u) =
∫ x+
x
−
dx
[(1 − x)(x+ − x)(x − x−)]3/2√
ux− 1 . (29)
Again, the theta functions in Eq. (27) reflect the positive definiteness of the Hamiltonian. One can
verify that in the limit of u→ +∞, Eq. (27) is reduced to Eq. (26) with N = 3.
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Figure 1: The single-particle longitudinal momentum fraction distribution from the light front parton
gas model with 3 partons. On the left panel, the partons are massive, with the available thermal energy
u measured in the unit of m2. The blue stars and red crosses correspond to quadratures of Eq. (30)
at u = 20m2 and u = 50m2 respectively. The yellow dot-dashed line and the purple solid line are
the results from the analytic expression given by Eq. (27) at the corresponding u. On the right panel,
the partons are massless. Therefore the available thermal energy is the only scale. Discrete points
are results from quadrature using Eq. (30) at u = 20 and 50. The ωx obtained from quadrature are
independent of u. They agree with the analytic result 20 x(1− x)3 within numerical errors.
3.3 Quadrature marginalization of the phase space distribution
When the partons are massive, the mass of the partons sets the scale of the phase space distribution.
Therefore we choose m = 1 as the default unit. The marginalized distribution ωx with N = 2 is
already given by Eq. (24). In the case where N ≥ 3, we substitute Eq. (12) into Eq. (23) and obtain
ωx(E, V,N,P;x1)
=
V 3N (P+)N
Ω(E, V,N,P)

N−1∏
j=1
∫
d−→κ ⊥j

(N−1∏
i=2
∫
dxi
)
x∈D(x)
× δ (xN−1 − x+) + δ (xN−1 − x−)∣∣∣∣∣
−→κ ⊥2N−1 +m2
x2N−1
−
(∑N−1
j=1
−→κ ⊥j
)2
+m2
β2N−1
∣∣∣∣∣
θ(η2 − 4αN−1βN−2), (30)
with x±, η, αj , and βj defined by Eqs. (13, 14). The subscript condition of the longitudinal momentum
fraction integrals is given explicitly by
x ∈ D(x) =
{
xj ( for 2 ≤ j ≤ N − 1 )
∣∣∣∣ xj ∈ (0, 1) and
N−1∑
j=2
xj ≤ 1− x1
}
, (31)
which ensures that all p+j are positive definite as required by the light front kinematics.
Equation (30) is the expression of the single-particle longitudinal momentum fraction distribution
from the light front parton gas model alternative to Eq. (25). After eliminating the xN−1 integral
using the delta functions in Eq. (30), the number of dimensions for remaining integrals is 3N−5. This
agrees with the number of momentum space dimensions 3N subtracting the conservation of light front
3-momentum, one conservation of energy, and one remaining variable after marginalization.
We then evaluate Eq. (30) with N = 3 numerically using quadrature in the units where m = 1.
Since each kinematic term in the Hamiltonian given by Eq. (1) is positive definite, for any component
of the transverse momentum being integrated we have a natural cutoff κj, x/y < max{
√
xju−m2} =
7
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Figure 2: The single-particle longitudinal momentum fraction distribution from the massive light front
parton gas model. The left panel shows results with u = 50m2. The right panel shows results with
u = 100m2. The blue dot-dashed lines are the analytic results with N = 3 using Eq. (27). The red,
yellow, and purple points with error bars for the deviations correspond to the marginalization of the
joint distribution in Eq. (21) using Gibbs sampling with N = 3, 4 and 5 respectively. The means
(points) and deviations (error bars) are calculated from 16 independent samples for each combination
of N and u.
√
u−m2 = λ, where κj, x/y stands for either the x- or the y-component of −→κ ⊥j . We sample transverse
momentum components over the range from −λ to λ by the Simpson’s rule after the variable transform
κj = λ arctanh (φj). For the numerical result to be accurate within 1% from the analytic result, we
allocate 99 equally spaced quadrature points for each component of φj in the calculation with massive
partons. While for massless partons, the same number is increased to 199. The resulting ωx at
u = 20m2 and u = 50m2 are presented on the left panel of Fig. 1. For the massless partons, the
numerical result for ωx is shown on the right panel of Fig. 1. Both numerical results are in agreement
with the analytic expressions given by Eqs. (26, 27). Therefore with quadrature in the specific case
of N = 3, we have tested the analytic reduction of the transverse integrals in Subsection 3.1. In the
case of N > 3, the support of xj integrals in Eq. (30) is specified by Eq. (31). For massive partons,
the point xj = 0 is cut off by the energy delta function in Eq. (10). For massless partons, the point
xj = 0 is singular, but measures zero after integration.
3.4 Gibbs sampling
With more than 3 massive partons, we do not have an analytic expression for the single-particle
distribution ωx(x). Instead, we apply Markov Chain Monte Carlo algorithm to draw discretized
samples of the joint distribution ω(E, V,N,P;x) given by Eq. (21). Because the number of independent
momentum fractions in Eq. (21) is N − 1, each sample of the joint distribution is represented by a
(N − 1)-dimensional random vector xλj . Here the subscript j ∈ {1, 2, . . . , N − 1} represents the vector
index. While the sample point index is denoted by the superscript λ ∈ {1, 2, . . . , S}, with S being
the sample size.
We apply the multi-stage Gibbs sampling to obtain samples of the joint distribution in Eq. (21),
where one stochastic step only generates one component of the random vector [39]. Specifically for each
update of the variable xλj , we apply the Metropolis-Hastings algorithm with the acceptance probability
given by
ρMH(x
λ
j , X
λ+1
j ) = min
{
1,
f(Xλ+1j )
f(xλj )
q(xλj |Xλ+1j )
q(Xλ+1j |xλj )
}
, (32)
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where the objective density f is specified by the conditional distribution
f(xλj |xλ+11 , xλ+12 , . . . , xλ+1j−1 , xλj+1, . . . , xλN−1)
∝ ω(E, V,N,P;xλ+11 , xλ+12 , . . . , xλ+1j−1 , xλj , xλj+1, . . . , xλN−1, xN ) (33)
with xN = 1 −
(
xλ+11 + x
λ+1
2 + · · ·+ xλ+1j−1 + xλj + xλj+1 + · · ·+ xλN−1
)
. The function ω is given by
Eq. (21) with the delta function factored out. The instrumental probability distribution q(x|y) is the
normal distribution with zero mean and an adjustable variance a:
q(x|y) = 1√
2pia2
exp
[
− (x− y)
2
2a2
]
. (34)
Since ρ(x|y) given by Eq. (34) is symmetric with respect to x ↔ y, Eq. (32) is simplified into
ρMH(x
λ
j , X
λ+1
j ) = min
{
1, f(Xλ+1j )/f(x
λ
j )
}
. We then assign xλ+1j = X
λ+1
j with probability of ρMH(x
λ
j , X
λ+1
j ).
Otherwise xλ+1j = x
λ
j . Such a procedure is repeated from j = 1 to j = N − 1 in order to produce one
sample point for the random vector xj .
For each sample, we choose a = 0.1 and reach a sample size of 106, after discarding the first 105
sample points. The single-particle distribution ωx(x) is obtained by directly binning and normalizing
the sample with respect to a specific xj . We then calculate the means and standard deviations of
each bin in ωx(x) as a histogram from 16 independent samples. After normalization, the results are
shown in Fig. 2. For N = 3, they are in agreement with the analytic expression in Eq. (27). With
fixed thermal energy, the distribution is shifted toward smaller x with larger N . This is understood
as xj = 1/N is the most probable fraction in the joint x-distribution. The mean momentum fraction
carried by a single parton is also 1/N , which could be verified through
∫ 1
0
dxxωx(E, V,N,P, x) = 1/N .
With fixed N , the distribution becomes broader with higher thermal energy, as the support of the joint
x-distribution increases.
4 Summary and conclusion
In this article, we proposed the light front parton gas model as a framework to help understand the
distribution of the longitudinal momentum fractions of the partons inside a hadron based on light front
kinematics and momentum conservation. Specifically within our model, the partons were treated as
classical particles whose phase space distributions were given by the light front generalization of the
microcanonical molecular dynamics ensemble.
We defined the longitudinal momentum fraction distributions as the marginalization of the phase
space distribution. We also derived the joint longitudinal momentum fraction distribution through the
analytic reduction of the transverse momentum integrals. This resulted in the explicit expressions of
of the single-particle x-distribution for massless partons and N = 3 massive partons. With specific
choices of the parton number and available thermal energy, we calculated the single-particle momentum
fraction distribution using quadrature. With Gibbs sampling, we drew samples of the joint longitudinal
momentum fraction distribution for massive partons. Based on these samples, we computed the
ωx(E, V,N,P;x) as histograms for N = 3, 4 and 5.
This article serves as the initial investigation of a light front parton gas model. Therefore we did
not relate results presented in this article with experimental hadron PDFs. In future work, we expect
to expand the current model to include spin and flavor to form a mixed system of massive quarks and
massless gluons. We also plan to allow parton creation and annihilation that convert between quark-
antiquark pairs and gluons, resulting in a microcanonical ensemble with variable particle numbers.
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